Abstract. Let p ≡ 3 (mod 4) be a prime, and k = (p + 1)/2. In this paper we prove that two things happen if and only if the class number h( √ −p) > 1. One is the non-integrality at p of a certain trace of normalised critical values of symmetric square L-functions, of cuspidal Hecke eigenforms of level one and weight k. The other is the existence of such a form g whose Hecke eigenvalues satisfy "dihedral" congruences modulo a divisor of p (e.g. p = 23, k = 12, g = ∆). We use the BlochKato conjecture to link these two phenomena, using the Galois interpretation of the congruences to produce global torsion elements which contribute to the denominator of the conjectural formula for an L-value. When h( √ −p) = 1, the trace turns out always to be a p-adic unit.
Introduction
Let S k (Γ) be the vector space of cuspidal modular forms of integer weight k with respect to Γ := SL 2 (Z). Let be the Petersson norm. Let g ∈ S k (Γ) be a primitive Hecke eigenform with Fourier expansion g(τ ) = q + ∞ n=2 a n q n (q := e Γ(s). By a theorem of Shimura [Sh] , it has an analytical continuation to the whole of C, and it follows from a theorem of Rankin [Ra] that it satisfies a functional equation
L(Sym
It is well-known that s = 2k − 2 is the rightmost critical value in the sense of Deligne [De1] . It is paired with s = 1 by the functional equation. Then we define which is known to be a non-zero, totally real algebraic number [Sh] , [Z1] . If κ := 2
If p is a prime larger than 2k − 2, then the normalization factor κ has no influence on the appearance or disappearance of p in the numerator or denominator of
where g runs through a primitive Hecke eigenbasis of S k (Γ). The functional equation implies that this is equal to
The traces are interesting arithmetic objects. They can be explicitly calculated. The doubling method related to Siegel type Eisenstein series [Ga] provides a good way to do this (as in §2.3 below). Here the 43 indicates that the prime 43 does not occur and hence the numerator and denominator of the trace in the case k = 22 are coprime to 43. In all the other cases above, whenever 2k − 1 is a prime, this prime occurs in the denominator. The other big primes in the denominators are irregular primes related to the k-th Bernoulli number. Let p be a prime. Then we denote by h( √ −p) the class number of Q(
and Z (p) the localization of Z at p.
2
Theorem I: Appearence of primes. Let p be a prime (p ≥ 23) and p ≡ 3 (mod 4). Then
In a way, the p in the denominator has nothing to do with the class number. Ultimately it comes from a factor ζ(3 − 2k) in the constant term of the un-normalised Eisenstein series of degree 2. But when h( √ −p) = 1, a subtle cancellation occurs:
Theorem II: Disappearence of primes. Let p a prime (p ≥ 23), p ≡ 3 (mod 4), and the class number h(
Next we turn to congruences of modular forms. Let ∆(z) = q
be the unique normalised cusp form of weight 12 for SL 2 (Z). Wilton [Wi] proved the following congruences. Let = 23 be a prime.
Swinnerton-Dyer [SD] considered more generally a normalised, cuspidal Hecke eigenform g = ∞ n=1 a n q n for SL 2 (Z), of weight k. For simplicity suppose that the a n are rational. This probably means that k = 12, 16, 18, 20, 22 or 26. He showed that if p is a prime, and if for all primes such that p = −1 we have a ≡ 0 (mod p), then necessarily p < 2k. In the case p = 2k − 1 (if it is prime), he observed that such congruences hold for k = 12 (p = 23, i.e. Wilton's case), and also for k = 16 (p = 31), but not for k = 22 (p = 43). In fact, we shall prove the following. 
Proofs of Theorems I and II
To prove the theorems we use the explicit arithmetic of Fourier coefficients of Eisenstein series and related special values of Dirichlet L-functions.
Special values of Dirichlet L-functions.
Let χ be a Dirichlet character modulo m. We define the generalized Bernoulli numbers B n,χ by the generating series
(see also [Wa] , Section 4). This definition has the advantage that it is easily implemented by a computer program. If χ = 1 (Dirichlet character mod 1) then B n := B n,1 (n > 1) are the Bernoulli numbers, where B 0 = 1 and
. Usually one finds the following definition in the literature:
This holomorphic function has a meromorphic continuation to the complex plane, and 3, −4, −7, −8, −11, −15, −19, −20, . . . .
Fourier coefficients of Eisenstein series.
The group Sp(2n)(R) of real points of the symplectic group scheme Sp(2n) acts transitively on the Siegel upper half-space H n of degree n by:
Let k be a positive even integer such that k > n + 1. Then we denote by
1| k g, the (normalised) Siegel type Eisenstein series of degree n, weight k and level 1. Here | k symbolizes the usual Petersson slash operator and Sp(2n) ∞ the stabilizer of 1| k in Sp(2n)(Z). This holomorphic periodic function has a Fourier expansion:
where T runs through the set of all positive semi-definite symmetric half-integral matrices. Note that A n k (0) = 1. It is well-known that Fourier coefficients A n k (T ) for singular matrices T are related to Fourier coefficients of Eisenstein series of lower degree. The parametrization T ≥ 0 is given in the case n = 1 by the set of nonnegative integers, and in the case n = 2 by the binary positive semi-definite quadratic forms T = n r 2 r 2 m . We put T = (n, r, m) to simplify notation. In the case n = 1,
We recall now a formula for Fourier coefficients of Eisenstein series of degree 2. Let the content of T = (n, r, m), the greatest common divisor of n, r, m, be one. Then the value of
.
See for example [Z2] .
2.3. Pullback of Eisenstein series. There are several ways to study special values of the symmetric square L-function [Z1] . Here we apply the method given by the pullback of Siegel type Eisenstein series of degree 2 (see [Ga] for details).
where the coefficients are totally real algebraic numbers given by:
Recall that p ≥ 23 is a prime, with p ≡ 3 (mod 4), and that
This remarkable fact appears to be due to Carlitz ((5.2) of [C1] ). A proof is also given in [IR] , following Proposition 15.2.3, and it is Exercise 4 in 5.8 of [BS] . It is a consequence of the analytic class number formula and Kummer's congruences.
Proof. This follows from the lemma above, since the possibility that
Ex.5.9).
Proof of Theorem I. By comparing Fourier coefficients on both sides of the formula (2.7), we obtain 
First we claim that ord p (µ k ) = −1. Given Lemma 2.2, it suffices to show that ord p (B 2k−2 ) = −1, but since 2k − 2 = p − 1, this is a direct consequence of the v.Staudt-Clausen Theorem. Next we claim that
. First, µ k cancels with ζ(1−k) ζ(3−2k), up to p-units. Then, Leopoldt's generalisation, to generalised Bernoulli numbers, of the v.Staudt-Clausen theorem [L] shows that [RV] or [C2] ). To prove the theorem, it remains to show that 2a
, from which we get what we want.
2.4. Proof of Theorem II. We already know, from the proof above, that if h(
We can prove that it is a unit simply by inspecting the following One can see that frequently small primes appear in the denominator. The large primes in denominators are always divisors of the B k .
Dihedral congruences for cusp forms of level one
Our goal in this section is to prove Theorem III. In the following theorem, p is not necessarily equal to 2k − 1. 
One can conjugate so that ρ g takes values in GL 2 (O p ), then reduce (mod p) to get a continuous representation ρ g = ρ g,p : Gal(Q/Q) → GL 2 (F p ), which, if it is irreducible, is independent of the choice of invariant O p -lattice. If c ∈ Gal(Q/Q) is a complex conjugation, then necessarily det(ρ g (c)) = −1, i.e. ρ g is odd. Serre ((3.2.3) ? of [Se1] ) conjectured that, conversely, any odd, irreducible, continuous representation ρ : Gal(Q/Q) → GL 2 (F p ) is isomorphic to some ρ g as above. Moreover ((3.2.4) ? of [Se1] ), he conjectured an optimal level, character and weight. The level is the (primeto-p) Artin conductor N (ρ), while the weight depends on the restriction of ρ to an inertia subgroup I p . Khare [K] has proved Serre's conjecture in the case N (ρ) = 1. 
be a character of order r, and let ρ :
We also denote by ρ the inflation to Gal(Q/Q). This ρ is easily seen to be continuous, odd and irreducible. Since E/F is unramified, and F/Q is ramified only at p, the Artin conductor of ρ is equal to 1. By Khare's theorem, ρ is of the form ρ g,p for some level-one cuspidal eigenform g. It remains to show that the Serre weight of ρ is k. Bearing in mind that E/F is unramified, the restriction of ρ to an inertia subgroup I p is tamely ramified, and decomposes as a sum of the trivial character and the quadratic character χ −p . These are both "level-one" characters of the tame quotient of I p , and writing them in the form χ a , χ b , with χ the inverse-cyclotomic character and 0 ≤ a ≤ b ≤ p − 2, we have a = 0, b = (p − 1)/2. The weight is given by 1 + pa + b (as in 2(a) of 1.7 of [E] ), which is equal to (p + 1)/2 = k.
Strictly speaking, one does not need the full force of Khare's theorem. One can produce a complex-multiplication form f (of weight 1, level p and quadratic character) such that ρ f ρ. Then one can use the fact that the weak Serre conjecture implies the strong Serre conjecture to replace f by something of the correct level and weight. In fact, in the cases k = 12 and k = 16, this f is the linear combination of binary theta series on the right hand side of (26) or (27) in [SD] . Note that h( √ −p) is necessarily odd, so the character τ in the proof above has odd order. )) (mod p). According to a remark at the end of [Ri] , which refers to a footnote about ∆ 2 in [Wi] , the case k = 24, p = 47 may be proved using Wilton's methods. Wilton and Swinnerton-Dyer also had something to say about primes such that p = 1. Such a prime splits in O F , say ( ) = ll. By class field theory, we may view the character τ in the above proof as a character of the ideal class group of O F . Then a consequence of a ≡ Tr(ρ g (Frob 
Proof. Similarly to 3.2 of [Se3] , the only possibility compatible with the congruence is that the image of ρ g (Gal(Q/Q)) in PGL 2 (F p ) is dihedral. Since g has level one, so that ρ g is unramified away from p, it must be the case that the image of
We claim that the restriction of ρ g to Gal(Q/F ) must be unramified at (the prime dividing) p. Suppose that it is not. Then, if I p is an inertia subgroup of Gal(Q/Q), the image of ρ f (I p ) in PGL 2 (F p ) is dihedral, and certainly the restriction of ρ g to Gal(Q p /Q p ) is irreducible (hence semi-simple). But then ρ g | Ip would be a sum of two characters (as on p.214 of [E] ), contrary to ρ g (I p ) being non-abelian. Thus the claim is established. But the restriction of ρ g to Gal(Q/F ) is not trivial, so factors through the Galois group of a non-trivial extension E/F , which was already unramified away from p, but, we know now, is also unramified above p. By class field theory, we must have h(
In principle, the above proposition could be proved by inspection, since there are only finitely many p to consider.
4. The Bloch-Kato conjecture 4.1. Statement of the conjecture. Let ∞ n=1 a n q n = g ∈ S k (Γ) (necessarily for some even k ≥ 12) be a normalised Hecke eigenform, K = Q({a n }) . Attached to g is a "premotivic structure" M g over Q with coefficients in K. Thus there are 2-dimensional K-vector spaces M g,B and M g,dR (the Betti and de Rham realisations) and, for each finite prime q of O K , a 2-dimensional K q -vector space M g,q , the q-adic realisation. These come with various structures and comparison isomorphisms, such as M g,B ⊗ K K q M g,q . See 1.1.1 of [DFG] for the precise definition of a premotivic structure, and 1.6.2 of [DFG] for the construction of M g . The q-adic realisation M g,q realises the representation ρ g,q of Gal(Q/Q). For each prime number , the restriction to Gal(Q /Q ) may be used to define a local L-factor, and the Euler product is precisely L(g, s) . 
Define Ω ± to be the determinants of these isomorphisms. These depend on the choice of K-bases for M 
and the Deligne period of M g (j), as the determinant of the isomorphism from (M g (j))
there is a decreasing filtration, with F t a 2-dimensional space precisely for 1 ≤ t ≤ k − 1. The de Rham isomorphism
to be the determinant of this isomorphism. Note that t as above is critical only when it is odd, since this is when the dimension of (M g (t)) 
where S is the set of primes less than or equal to k. We take these as in 1.6.2 of [DFG] . They are part of the "S-integral premotivic structure" M g associated to g. Actually, it will be convenient to enlarge S so that O K [1/S] is a principal ideal domain, then replace M g,B and M g,dR by their tensor products with the new O K [1/S]. These will now be free, as will be any submodules and quotients. Choosing bases, and using these to calculate the above determinants, we pin down the values of Ω We shall need the elements M g,q of the S-integral premotivic structure, for each prime q of O K . These are as in 1.6.2 of [DFG] . (g), t) (2πi) t Ω = ≤∞ c (t) #X(t) #H 0 (Q, A (t))#H 0 (Q,Ǎ (1 − t) ) .
The Tamagawa factors c (t) will be defined in the next subsection. It is more convenient to use g 2 than Ω, so we consider the relation between the two. Calculating as in (5.18) of [Hi] , using Lemma 5.1.6 of [De1] and the latter part of 1.5.1 of [DFG] , one recovers the well-known fact that, up to S-units, , with 0 ≤ a < b ≤ q − 2 and a + b ≡ k − 1 (mod q − 1). It follows from a theorem of Swinnerton-Dyer [SD] (see also 3.2 of [Se3] ) that either q ≤ k + 1 or ord q (B k ) > 0. (The generalisation to coefficients in a finite extension of F q is completely straightforward.) Furthermore, in the latter case, if we assume q > k then a = 0 and b = k − 1. In that case the composition factors of A [q] are F q , F q (1 − k) and F q (2 − 2k). If q > 2k then the only r such that 1 ≤ r ≤ 2k − 2 and A [q](r) has a trivial composition factor are r = k − 1 and r = 2k − 2.
In each of the cases for which h( √ −p) = 1, one may check, using Stein's table [Ste] , that p does not divide the discriminant of the characteristic polynomial of T 2 on S k (Γ). (When p = 163, one of the prime divisors of the discriminant has 133 digits.) It follows from this that the congruence ideal c(g) is coprime to p. The previous proposition shows that the other terms in the denominator of the right hand side of 4.3 are also coprime to p in these cases. This then accounts for the integrality at p of trace k L(Sym 2 , 1) alg .
